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Markov subshifts and partial representation of I,
Danilo Royer*

Abstract. Inthis paper wefix aset A* of positive elements of the free group IF,, (e.g.
the set of finite words occurring in a Markov subshift) aswell asn partial isometrieson
aHilbert space H. Based onthesewedefineamap S : F,, — L(H) which we proveto
be apartial representation of IF,, on H under certain conditions studied by Matsumoto.
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1 Introduction

Considering a Markov subshift on an alphabet {g1, ... , g.}, R. Exel provedin
[3] that n partial isometries on a Hilbert space H, satisfying the corresponding
Cuntz—Krieger relations, give rise to a partial representation of the free group
F, on H, that is, amap S : F, — L(H), satisfing S¢~1) = S(z)* and
Str)Sr—hH = S@t)Sr)Sr~) foral r, ¢ inF,.

Inthiswork wefix aset A* of positive elements of IF,, which, among other re-
quirements is assumed to be closed under sub-words, and we take a set
{S1,...,S,} of partial isometrieson H. We defineamap S : F, — L(H)
by S(I"]_. . .I"k) = S(I’l) ... S(Vk), where S(l’,’) = Sj if ri = §j, S(}",') = S}k if
ri=g; andr =ry...r isinreduced form,

Under certain conditions studied by Matsumoto in [1], we prove that the map
S isapartial representation of IF,, on H. Since Matsumoto’'s conditions gener-
alize the Cuntz-Krieger relations our result is a generalization of Exel’s result
mentioned above.

This paper is based on the author’s Masters thesis at the Federal University of
Santa Catarina under the supervision of Ruy Exel.
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2 Partial Representations of IF,,

Let us consider the Free Group F,, generated by a set of n elements, G =
{g1, ..., &u}. Thedementsof F, can bewrittenintheformr = r,...r, where
eachr; € G U G~1. We say that r isin reduced form if r; # r;ll, for each
i. Twodementsr = ry...rpands = s1...s5; of IF,, in reduced form, are
equal if and only if [ = k and r; = s;, for al i. In this way, each element, in
reduced form, have unique representation and we defineitslenght by the number
of components, that is, if »r = ;... isin reduced form then r have lenght &,
wichwill bedenoted by |r| = k. A elementr = ry...r; Of F,,, inreduced form,
iscalled apositiveelement if r; € G, for al i, andthe set of all positive elements
will becalled P. We consider ¢ aelement of P.
Let usfix aset A* € P with the following properties:

o ¢ c A¥,
e G={g1,...,8:) S A,

e A* isclosed under sub-words, that is, if v = vy...v, € A* then each
element of theformv; ... v withi =1...k, j € Nisaelement of A*.

For all u € A* we define the following sets:
Ly ={g; €Glj=1...,n, ugj ¢ A"},

Lﬁ:{v:vl...vk € A*|uvi...vi1 € A%, pv ¢ A*}, VkeN.
Lemmal. Letu € A*andr,s € P. If vr = v's, where v € Ll’i and v’ € LL,
thenv = v'.

Proof. Suppose by contradiction that v % v'. Then |v| # |v’|, because other-
Wise, vy ...y = vy... v, fromwhereit follows that v = v". Without loss of
generality suppose [v| > [, writev = v1...y;... vy and v’ = vp...v. Since
V...V ... 0 =vr =V's =v).. .S, thenwy .oy = vp ... v, and therefore
v = vyq1...y. Sincev' e LI, by definition of L!, uv' ¢ A*, hence
pv. .. v = pu'viga ... v ¢ A*. That isacontradiction, because v € LY
andsov =v'. d

Let us consider a Hilbert space H and a set of partia isometries
{S1,..., 8} € L(H). Recall that S; is a partial isometry if S;S*S; = ;.

Bull Braz Math Soc, Vol. 35, N. 2, 2004



MARKOV SUBSHIFTS AND PARTIAL REPRESENTATION OF Fj, 283

Define amap

where r isin reduced form, S(r;) = S; if ri = g; and S(r;) = St if r; = g; .
By convention, S(e) = I, where I istheidentity operator on H. Inthisway, for
al r € F,, we have an operator S(r) € L(H).This operator will also be called
S,. We will suppose that our set of partial isometries {S1,...,S,} € L(H)
generated amap S which satisfies:

My) Y SiSf =1,
i=1

(M) Foral pandvin A* the operators S, S and S} S, commute;

o
(Mg) 1 —SS;=Y Y S,8,i=1....n.

k=1 ek
Notethat for al i, S; S} isidempotent and self-adjoint, and so aprojection. By

(M), i S; S isaprojection and therefore S; S; and S Sj are orthogonal, for al
i £ j.i:Slo
S7S; = (S7SiS))(S;S18)) = 87 (S:578;518; =0
wheneveri # ;.
Lemma2. Forall u € A*, S, = S,S;S,.

Proof. The proof will be by inductionon |u|. For [u| =1, S, = S,,S;;S, by
hypothesis. Suppose S, = S,,S;S,, for al u € A* with |u| = k, and consider
v e A", with|v]| =k + 1. Thenv = ag;, with |a| = k, and
A Sagjsggjsagj = SangS;,_S;*Sang =
= SaS;tSangS;*j Sg; = SaSg; = Sy O
Lemma3. Leta € Pandv € A*.

S, ifa=vrforsomer e P

a) Ifla| > [v| then S,8;S, = { 0 otherwise

S,S* ifv=arforsomer € P

Bull Braz Math Soc, Vol. 35, N. 2, 2004



284 DANILO ROYER

Proof.

a) Supposing that there existsr in P such that « = vr, we have
S$0858e = 8085 S0 = 8085 S,S = 8,5 = S,

On the other hand, if « # vr fordl r € P, writea = a1...q;...a,
v = vg...y and take the smallest index i such that «; # v;. Then we
ha\/eOll...Ol,'_lz V]...Vi_1, and so

SUS:SO[ =S S* Sal...a,—,lai...ak =

V1.V -1V VI My v vy

- Svl‘..v,'_j_SV[,..U/Syl-. S SU]_...V,'_;]_S(X,"..O[/( -

L Pvgg

= S S* Svl...v,;lS S* SOli-»-Olk = O

Vi...Vi—1Mv1..vi 1 ViV Ry
because S; S.;, = 0.
b) Supposev = ar for somer € P. Then

S, 8% Sy = SurSE Sy = SuS,S*SES, =
= Sy S%8uS, St = 8,85,5 = S, S* = 5,S5".

If v # ar, fordl r € P asin (a), take the smallest index i such that
V; % ;. Thenvy...vi_1=0o1...0;_1 and

SijSot = S S* Sotl..,oz,-,loti...ot[ =

V1. Vi—1Vi Ve Mvgvi v vk

- SU]_...U,',]_SVI'...V](SV[, S SV]_...I),',]_SO{,'...OQ -

Vg VLY
* *
= Svl.,.vi S Svl...ui,ls S SO(,'...D([ =0

—-1%v1..vi1 Vi Ve My vk

because S} S, = 0. O

Theorem 1. If v € P\A* then S, = 0.

Proof. Writev = g;a, andin thisway,

o
S5y =82St oS =SiSu— Y, Y SiSuSkSa-

= k
k=1 MEng

o0
We will analyse the summandsof » > S;S,S; S, inthefollowing way:
k=1 MeL’g,j
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Casel: |u| > |of

By Lemmag3, S, S;;S, # 0onlyif u = ar, forsomer € P. Wewill show
that there exists no such r. Suppose . € L’;j issuch that 1 = ar, with
|r| = {. By definition of L’g,j, Qi1 -1 € A*, bUt g1 .. 1 =
gjari...r—1, and sov = g;a € A*. Thisis a contradiction, because
we are supposing v ¢ A*. Therefore u # ar, for dl r € P, and so, by
Lemma3, ;5,5 S« = S;(S,S,;S,) = Oforal wwith [u| > |af.

Case2: |u| < ||

By Lemmag3, S,S; S, # 0, only if « = ur, for somer em P, and by
Lemmalif thereexistssuch i € UL"_, itisunique. In this case we have
by Lemma3that S; S, S} Se = S; (S, S*S ) = SiSe

Inthis way, S;'S, = zS;S., where z = 0iif there exists 1 € |J Ly, such that
keN
a = ur for somer € P, and z = 1 otherwise.

Writev = vy ..., and take the smallest index i suchthat v;, ;... v, € A*. So,

S S - Zl'SVZ kaV2-~~Vk =...=Z21..-%j- lSﬂ< Sv,-...vk’

- Vk

where z; are 0 or 1. We will show that S | S, ., = 0. Sincev; ...v ¢ A,

by case 1 and case 2 above, we need to show that there exist some i € |J L,
keN
suchthat v, 1...v, = ur for somer € P.

Teke the index j suchthat v;...v; € A* but v;...v;vj 11 ¢ A*. Such index
existsbecausev; € A*andv; ... v ¢ A*. Moreover, v;1...v11 € A* because
Vig1... V0 € A%, and S0, viya...vj41 € LI Thereby S3 | S, =0, and

Vi...Vk

s0 S;S, = 0, in other words, S, = 0. O

Observethat if r = r1...r isinreduced form, withr; € Gt and r; 11 € G,
then S(r;r;11) = S(r)S(r;11) = 0, fromwhere S(r) = 0. Also, ifr =r1...7
and s = s1...s are elements of IF,, in reduced form and r;, # sl‘l, then the
reduced form of rs isry...rs1...5, and so S(rs) = S(r)S(s) by definition
of S.

Definition 1. Given a group G and a Hilbert space H,amap S : G — L(H) is
a partial representation of the group G on H if:

P1) S(e) = I,where e isthe neutral element of G and 1 is the identity operator
on H,

P) S¢t™H =S1)* VvVt €G,
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P3) SOSH)S(r—Y = Str)S(r~b), Ve, r € G,

Theorem 2. Ifthemap S : F, — L(H) defined before satisfies M;,M> and M3,
then S is a partial representation of the group IF,, on H.

Proof. Property P; istrivia. The proof of P, will be by induction on |¢].
If |£] = 1, the equality between S(r~1) and S(¢*) is obviously true. Suppose
StY = S@*) foral t € F, with |t] = k. Taket € F, with |t] = k + 1 and
writer = tx, where || = k. Using theinduction hypothesis and the fact that the
equality istruefor x| = 1,
S¢™H =S hH =S =sahHsEh
= SX)*S(H* = (SEHSKx)* = SEx)* = S(t)*.

To verify property Pz we will prove the following:

Claim. Forall rinF,andtin GUG™, E(r) = S(r)S(r)* and E(t) =
S(¢)S(t)* commute.

If » = r1...r wherer isin its reduced form, withr; € G~ and r;1 € G for
somei, then S(r) = 0 and sotheclaimistrivial. Thereforelet r = a1, where
risinreduced formand o, 8 € P. If B ¢ A*, by Theorem 1, Sz = 0O from
where we again see that the claim follows. Thuslet us consider 8 € A*.

Casel: Ift € G,thatis,t = g;, for some j.

a |a| #0.
Write @« = ay...0q. If @1 # g;, then S(g;)*S(@) = 0 and so
E(Mt)E(r) =0=E()E(). If a1 = g; wehave
S(@)*S(g))S(gj))" = S(az...a)*S(x1)"S(g;)S(g;)"
= S(oz...00)*S(r1)*S(ay)S(o)* = S(az. .. )" S(ap)*
= (S(a)S(az... )" = S(a)*

and similarly S(g;)S(g;)*S(«) = S(a). It followsthat E(¢) and E(r)
commute.

b) |o| =0.
Wehaver = g1 Since B € A*, using M,

E(rE(@®) = S(r)Sr)*S@)S®)* = S(B)"S(B)S(g;)S(g))"
= S(8,)S(g)"S(B)*S(B) = S()S®)*S(r)S(r)* = EM)E(r).
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Case2 |Ifre G~% namely,r =g;* withg; € G.
Note that

E(rE@) = E(r)SS; =Er)S;, Sy, =EM) | I1=)_ > S8 | =

= k
k=1 MEng

o]

= EM)—EM| Y. >SS

= k
k=1 Meng

and similarly,

EMEr) =S5 Sy E)=Er) — | D D> 5.8, | E®).

k=1 ueL’g,j
To provethat E(¢) and E (r) commute, it is enough to show that
E(r)S,S; = SuS;E(r) ¥Yue Ly, Yk € N.

a) |a| # 0.

i) le| = [ul-
By Lemma 3, if « = pus for some s in P then S35, S = S.
Therefore,

E(r)S.S: = SaSySpSiSuSt = SuS58pS5 = E(r),

and similarly SuSLE(r) = E(r), and this proves that E(r)S,S; =
SuSLE(r). Also by Lemma 3, if o # ps for dl s € P, then
SaSuS;, = 0= 8,55« and also in this case E(r) and S, S, com-
mute.

i) laf < |ul.
By Lemma 3, if u # as Vs € P, then ;5,5 = 0 = S5, S,
from where the equallity follows. If u = as for somes € P, dso
by Lemma 3, M and SuShSe = SuSy, from where

E(r)SuSt = SaSySpSiSuSt = SuS5SpSsSh = SuS5SpS,SESE,
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and
SuSEE(r) = 8,558 S5 SpSs = S,S:S5SpSs = SuSsS;S5SpSs.
Since 8 € A*, by Mo,
S,S:S5Sp = 8584885,
and this showsthat E(r)S, S = S, SLE(r).

b) || =0
Since B € A*, the equality between E(r)S, S}, and S, S; E(r) follows
from M>.

This proves our claim. Let us now return to the proof of Ps, that is,
SOSE)SE™ = S@er)Sr™h, v, r e F,.

To do thiswe useinduction on |z| + |r|. Theequality isobviousif |¢]| + |r| = 1.
Supposethe equdlity truefor al ¢, r € F,, suchthat |¢| + || < k. Taket, r € F,,,
with || + |r| = k, writet = fx,r = yF, withx,y e GUG™L. If y # x7 1,
we have S(tr) = S(t)S(r), fromwhere S(tr)S(r~1) = S()S(r)S(r~1). Letus
consider thecasex = y~1.

SOSESr™ = SE)SHHS(yi ™ =
= SOSE)SMSFEHSFHS(y™) =
= SHS)SEHSFESFHS(x).

Using the claim and the fact that S(x) is a partial isometry,

SHOSESEHSFESFHSx) = SEOSFESFHS@x)Sx S (x) =
= SHOSFESFEHS(x)

and by the induction hypothesis,
SHSHESFEHS(x) = SEF)SFEHS ().
On the other hand,

Sr)Sr™h = SExyH)S((yH)™) =
= SEHSEF Yy ™H = SEHSEFHS ).

This concludes the proof of Ps, and also of the theorem. O
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